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THE CONGRUENCE ON n'-REGULAR SEMIGROUPS 
XIAOQIANG LUO 


Abstract: Let p be a congruence on a TI“ -regular semigroup S . Congruence pair | p,.p' | : 


[Px 3 p“ | is constructed by trace and kerner of S . To show properties of congruence on TI * -regular 


semigroups using congruence pair. thereby some congruence relation are attained. 


1. Introduction 
The study of the congruence on a semigroup was begon in the 50s.Especially, Howei 


had given a cetailed description of the congruence using the Rees structure theorem. He 
gaimed many important results by definding two equivalences <,andp,. At the same 


time, many researcher, such as Gluskin, Tamura , Preston , Lallement , Kapp , Schneider , 
Francis Prestjin and Trotter PG ako take part in it and get many new result. (see[1-8]) 


In this paper, using the trace chss and kerner chss, we describe a classification of 
the congruence on 11’ -regular semigroups(see[9]) and discussed the relation among 


the largest congruence, the smallest congruence and the httice of congruence on kerner 
chss and trace chss. 


2. Preliminaries 
In this section, we gives some basic concepts on the congruence onn“ -regulr 
semigroups. 


Definition 1 Letp be a congruence ona 1’ -regular semigroups ,£(5) is the set of all 


idempotents of S.trọ is called the tace of pif 


trp ={((e.f).(e.h))e E(S)xE(S),(e,f)P(8:h)}. 
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Definiton 2 Let p be a congruence ona 1" -regulr semigroups .ker p is called the 


kernelof pif 


ker p = U f(e, f)p} where (e,f)p is equivalence chss of all idempotents of 
(e,f )eE(S) 


Suppose p is a congruence on a m’ -regular semigroups , then trace class 


| 2,» p" Jand kerner chss [arp | are existed. Moreover, p is decided by ‘rp and 


ker p (P; is the kast congruence ons with trace t,p' is the hrgest congruence 


ons with trace T, p“ isthe largest congruenceon s with kernerx, p, is the last 


congruenceon s with kerner x ).x is kerner rehtion, r is trace relation. 
Remark The marks we don’t illustrate in this paper please see reference ([2],[3],[4]). 
3. Main Results 


Theorem1 Let p beacongruence ona mn’ -regulr semigroups .Thenp’ np“ =p. 


Proof. Since pc p` POLS p“ (see[5]). Then ker p c ker p` trp Z trp” 


On the other hand, trpe c 


trp kerp S ker p™’tr( p" A p“)= trp trp’ =trp 


ker( p” NA p“ )= ker p ^Nkerp“ =kerp OK =K _. Hence, it follows that 


Theorem2 Let p be acongruence ona nm*-reguhr semigroup s .Then 2 = P, VY Pk. 
Proof. Let o = Pr Y Pk Since PrEP , PKEK „Then Oo =P;YPkEP „and 


SOp,cocp,p,c¢acp Such that, we get tro Ctrp,kero c ker p By the 


definition of °,;-%, .we have co, < p,,0, < p,-On the other hand, since( P; ), =P; >» 


(Px); =p,, thenp, c0, € pP,> p,co, <p,,and so o, = p, .We immediately have 
p =o Hence p = p, VY Pk. 


Theorem 3 Let p be a congruence on a I -regular semigroup s . Then 


3/5 
THE CONGRUENCE ON -REGULAR SEMIGROUPS 


(Pr), ¥ (Px), = Pr A Pa: 

Proof. Since p, c p , then(p,), © Pk» (Pr), E P, andso(p,). = 
Pr A Pk , (Pk), SPr + Then we have (p) y (Pr) S Ap, -Let 
o= (Pk) Y (Pr) > 0=P,^Pk » then ocn . BY ncp, , (P) So Wwe 
have (p,).cocncp, But we abo have ((p,),) =(p,), sand so 


(Pp) CO, SH S (Py), « That is o, =n, . On the other hand, sincey cp, , 


(Pk), ©, S, (px), So This prove that kero, =kern,,tro, =trn, But 
forkero, =kero,kery, =kery ,tro, = tro, try, =trn ,Wwe have kero =kern, 
tro = trn then o =7.Hence (Pr) V (Px), = Prd Pre 
Theorem 4 Let p bea congruence ona [1° -regular semigroups .Then o7=no for 
some congruence o,7 e lene |: 

Proof. Suppose that congruenceo,7 e [ee ] such that o,7 c e", where cis a 


equal rehtion ons .Let H° is p -chss with 0. Since :"=H°c H’, then we 





haves c H'c R',nc H*c, Suppose that(a,b),(c,d)e S, such that(a,b)(on)(c.d). 








Then there exist (%7)€5 such that (a,b)o(s,t),(s.t)n (c,d), and so 
(a,b) R (s,t),(s,t) L (c,d). Then it follows from the definition of Green’s relation that 
there exist (u,v), (i, j). (x, y).(Lr) such that (see[10]) 

(s-t) = (a,b)(u,v) (a,b) = (c,d )(i, J) (ed) = (x, y)(c,4)(Lr)(s,t)= (c;d), 
And so (Lr)(a,b)=(br)(s:t)(j)=(64)(ij), By (st)n(c-d), (a,b)o(s,t), we 


have(s»t)(i; j)n (c-d )(i J),(¢.4) (i, Jo (c,d), andso (a.b)(no)(c.d). 
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Hence On cyo ; Similrly,we have no Gon Jt is clear that On=no- 


In the following, we prove that on =no is hold for allo, c [Ppp |) Since the 


interval] p,,p' ]is isomorphic to the interval [ee | of the lattice of congruence on 


S/p, and ofp, n/p, Ee [¢.e' |-Then we have 


(o/a)(# A=( /n Xk / o} 


Suppose that(a,b),(c,d)€ S such that(a,b)(o7)(c.d). Then there exist (s,t)e S such 


that (a,b)o (s,t),(s,t)n (c,d), bye, © o.p, © 7 ,wehave 


((4.b) p, )o/P, (554) Py) (Cst) Pr )n P; ((e-4) P): 


From above we know there exist d e s such that 


((a,b) p, )n fP, ((48) Pr) (2.8) Pr )o/ Py (6.4) Pr), 


that is (a,b)n(h,g).(h.g)o(c,d), and so (4.b)(7o)(c.d) Henceon c no . Similryly, 


we have no Con. Hence, it fpllow that on =o. 


Theorem 5 Let p be a congruence on a m’ -reguhr semigroup s .Then the 


interval| p, „p“ ] is a modular httice. 

Proof. Let o, 7, 4 be for some congruence on the interval] p,,p° |, 
and oc’ Since (ovy)AaADav(yA4) has been known,in here we 
show(ovn)AAcov(naa) At first, lene | is subhttice ‚for some 
Ce p Ae | o, p" | this has ovne [ere |pov(nara) ¿£ [ 2, p" | second, 
by theorem 4 on =o ‚S00 vn=07;Similrly o(7 ^a4)=(ņn^4å)o hence, 
ov(nvAa)=o(nad) Now we only prove o7vjdco(nad) Suppose 


(a,b),(c,d)eS ,(a,b)(on AA)(c,d) thus (a,b)(on)(c,d) and (a,b)A(c,d), 


only 


that 
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for (s,t)es „such that (a,b)o(s,r),(s.t)n(c,d) Because oca „we have 


(a,b)\(o(ņnan))(c,d) SO (ovn)AACov(nard) „hence the interval [erp ] is a 


moduhr httice. 
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